IRREDUCIBLE POLYNOMIALS WITH PRESCRIBED 
TRACE AND RESTRICTED NORM 
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Abstract. Let ¥ q , q — p r , be a finite field with a primitive ele- 
ment g. In this paper we use exponential sums and Jacobi sums 
to compute the number of the irreducible polynomials of degree m 
over F g with trace fixed and norm restricted to a coset of a sub- 
group (g s ), s | (q — 1). We give the number explicitly for s = 2, 
3, 4 when q — p, and for s | (p e + 1) when r = 2en. Finally, we 
give explicit formulae for the number when both trace and norm 
are fixed, p = 2 and m < 30. 



1. INTRODUCTION 

Let p be a prime number, ¥ q a finite field with q = p r elements, and 
g a primitive element of ¥ q . The explicit enumeration of irreducible 
polynomials 

f(x) = x m - ax" 1 - 1 + ■■■ + (-l) rn b e ¥ g [x] 

with some preassigned coefficients fixed is quite hard problem in general 
and it has been tackled only in certain special cases. For example, 
Carlitz [4] and Yucas [18] obtained explicit formulae for the number of 
f(x) with a or b fixed. Carlitz also obtained explicit formulae for the 
number of f(x) with a fixed and b in a fixed coset of the group of squares 
in F*. Moisio [10] considered the enumeration problem when both a 
and b are fixed, and gave the number of f(x) in terms of exponential 
sums and in terms of the number of rational points on certain algebraic 
varieties defined over ¥ q . Especially, the number of irreducible cubic 
polynomials with a and b fixed was given in terms of cubic Gauss sums 
(case a = 0) and in terms of the number of rational points on the 
elliptic curves over ¥ q defined by £ : y 2 + ba~ 3 y + xy = x 3 , which, in a 
way, indicates the hardness of the explicit enumeration problem. For 
results on the enumeration problem when some other coefficients than 
a and b are fixed we refer to the survey by Cohen [5j, and to a recent 
work by Moisio and Ranto [TT] . 

The aim of this paper is to generalize results of [4] by giving explicit 
formulae for the number of f(x) with a fixed and b in a fixed coset of a 
subgroup (g s ). Actually, we shall do this in the following three special 
cases: 
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• s = 2 (Carlitz's case), 

• s = 3, 

• s = 4, 

• r = 2en and s (> 1) is any factor of p e + 1. 

Moreover, we shall give explicit formulae for the number of fix) with 
both a and b fixed under the assumptions q = T and m < 30. 

The method used in this paper is essentially the one used in [10J but 
here explicit evaluation of Jacobi sums and certain exponential sums 
are used instead of the theory of algebraic varieties. We also note that 
our method is more elementary than the method used in [4j in the sense 
that the use of L-functions is avoided. 



2. Notations and basic formulae 
We fix the following notations. 

p, q, r, s, h, m, t positive integers, p prime, q = p r , s \ (q — 1), 
h G {0, 1, . . . , s - 1}, m > 2, t | m 
d,l d = gcd(f,s) J Z = gcd(t,|) 

Tr t , Norm t the trace and norm from ¥ q t onto ¥ q 
7 = 1m, a fixed primitive element of ¥ q m 

7t the primitive element of ¥ q t that is the norm 

of 7 onto ¥ q t 

g Norm m (7 m ), a primitive elment of ¥ q ; also 

g = ry 1 = Norm 4 (7 t ) 
P m (a,s,h) the number of the irreducible polynomials 

= x m - ax 171 ' 1 + ■■■ + (-l) m b G ¥ q [x], 
where a is fixed and b G g h (g s ) C F* 
St — St(a,s,h) the set of x in ¥ q t with Tr m (x) = a and 

Norm m (x) G g h (g s ) 
T t = T t (a, s, h) the set of x in S t with x ^ ¥ q k for any k < t 
N t the number of elements in 5^ 

e t the canonical additive character e t (x) = 

e 27ritr t (x)/ P Q £ where tr t is the absolute 



trace F g * — >■ ¥ p 



Note that A^ m = J^tim 1-^*1 anc ^ ^ ne ^obius inversion gives, see [TO 
Lemma 1], 



P m (a,s,h) = -J2Kf) N t- W 



m 

t\m 



Thus the knowledge of Nt for t | m gives P m (a, s, h), and therefore we 
consider N t . 

From the definition of S t it follows that 

iGS ( ^ f Tr t (i) = a and Norm t (x^) G ^(/). 
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By denoting x = 7|, i G {0, 1, . . . , q l — 2}, we see that the condition 
Normt(x m /*) G g h (g s ) is satisfied if and only if the congruence 

m 

— i = h (mod s) (2) 

holds. If d \ h then (El) has no solution, and if d \ h then j2]) has 
solutions 

i = io + ^, J = 0, 1,..., (3) 
where z'o is the solution of 

-z ^ (mod-), 0<,o<^. (4) 

Thus we obtain 

Lemma 1. (%) N t = if d\ h. 

(%%) N t = 0ifp\f anda^ 0. 
(Hi) N t = f (q 1 -1) ifp\f, d\h and a = 0. 

In the remaining cases 

p\f and d\h. (5) 

To state a formula for Nt in this case we use the canonical additive 
character e t . 

Lemma 2. // (EJ) /io/ds ^en 

iV t =-(g*-l + M t ), 

^ = E e i(-»E e *( c ^ ^)- ( 6 ) 

cGF* zSF* 

Proof. By the definition of St, equation (02) and the orthogonality of 
characters we obtain 

^ = E E e i( c ( Tr *^ 0+Ji )-^)) 

j=o ceF, 
ceF 9 j=o 

|(9*-1)-1 

= 5>(-» E e *(^) 

cGF, j=0 

This proves Lemma [2l □ 
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We shall now consider separately the cases a = and a ^ 0. For this 
consideration let n \ (q — 1) and let H n denote the subgroup of order n 
of the multiplicative character group of ¥ q and H* = H n \ {A }, where 
Ao is the trivial multiplicative character of ¥ q . If A is a multiplicative 
character of F 9 , then A o Norm t is a multiplicative character of ¥ q t. We 
define the Gauss sum G t (X) over ¥ q t as follows: 

G t (X) = e t (ar)(AoNorm t )(ar). 

I 1 

The following Lemma 4 of [10] gives a connection of these sums with 
monomial exponential sums. 

Lemma 3. Let n be a positive factor of q — 1 and let a G F* t . Then 
e t (ax n ) = G t (\)(\oNorm t )(a), 

where A = A -1 . 



3. Case a = 

Assume in this section that a = 0. Then M t in ([6]) has the following 
expressions. 

Lemma 4. Assume that ^) holds and a = 0. Then 

M t = (q-l)J2 et(ll°x l ) = (?-l) J] G ^W°), 

where I = gcd(t, 4) is defined at the beginning of Section® 

Proof. The claimed formulae for M t are equal by Lemma [3] (recall that 
Norm t (7 4 ) = g). Substituting a = into ([6]) we get by Lemma [3] 

M t = E e *( c ^) = E E G , t (A)A(Norm 4 (c 7 r)) 

ceF 9 * xeF* ceF* xeH s/d 

= G t (X)X(g t0 )J2 x ( ct y (7) 

Aetf s/d ceF* 



Setting n = gcd(g — 1, t) we have 



ceF* ceF* I H 



if A-^ Ao, 
if X n = Aq. 



Since A G i/ s /d in the condition A n = Ao is equivalent to A G 
H n n H s /d = Hi, and the lemma follows. □ 
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Furthermore, we present M t in terms of (a special class of) Jacobi 
sums 

^t(A) = ^ A(xi---Xi), 

Xl,...,X t &q 

XlH \-x t = l 

where A is a multiplicative character of and, as usual, we define 
A(0) = 0, if A + A , and A (0) = 1. 

Lemma 5. Assume that ^) holds and a = 0. Then 

M t = (q- 1) (-1 + (-lfq JtWMg 10 )) , 

xeH* 

where I = gcd(t, 4). 

Proof. In Lemma S] G t (A )A (5'* ) = —1. For A ^ A , the Davenport- 
Hasse identity (see e.g. Theorem 5.14]) gives G t (X) = (-l)' _1 C7i(A)* 
and [HI Theorem 10.3.1] gives Gi(A)' = —qJ t (X) since I \ t. □ 

As we shall see, Lemmas [4] and [5] give M t explicitly in many cases. 

4. Case a ^ 

The result corresponding to Lemmas [4] and [5] is for a ^ the following 
lemma. 

Lemma 6. Assume that (TJ]j holds and a ^ 0. Then 
M t = J2 G t (A)G 1 (A')A(a^) 

= l + (-l) t - 1 g ^(A)A((-a )V°) J 

s/d 

where = — ^. 

Proof. Substituting c i— > — ^ = a c into ([6]) we get by Lemma [3] and 
the Davenport-Hasse identity 

M t = ^ ei (c) ^ G? t (A)A(Nonn t (ooC7i )) 

= E e i( c ) E ^(A)A(a*cV°) 

csf* AeH s/d 

= £ G t (A)A(4/>) J>( C )A'(c) 

AeH s/d cGF* 

= (-I)'" 1 E G 1 (A)*C7 1 (A')A(a^) 

= l + (-l)*" 1 £ G 1 (A)'G 1 (A*)A(a^). 

XeH*,, 

s/d 
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Thus 

(-lf-\M t -1)=£ G 1 {X)*G 1 {X t )X{^) 



+ E G 1 (A) t G 1 (A i )A(a^ 

By Theorems 10.3.1 and 1.1.4 (b) of [3] 

Gi(A)*. 



(8) 



-gJ t (A) ifA' = A 



X((-l) t )J t (X)G 1 (X t ) ifA^Ao- 
For XeHiQ H t , G 1 {X t ) = -1 and A((-l)*) = 1. Hence in © 

E G 1 (A) t G 1 (A*)A(a^) = g E ^(A)A((-a )V )- (9) 



For A G # s * /d \ Ff, Gi(A*)Gi(A*) = |<^i(A*)| 2 = q and in © 

E G 1 (\) t G 1 (\ t )\(a t g i °)=q ^ J t (A)A((-a )V°) 

= q( E ^(A)A((-a )V°) - £ J t (A)A((-a )V 



Combining this with (|Sj) and ([9]) we obtain the lemma. □ 

In some cases we are able to compute monomial sums J^sff* e t (ax n ) 

i—i qt 
explicitly. In such cases Lemma [4] is useful for a = 0. The following 

lemma gives similar formula for o ^ 0. 

Lemma 7. Assume that £E) holds and a ^ 0. Then 

M * = ^E(E e t (ao7^xi))(Ee l( ^)), 
where a = — ^, t = ~f; anc ^ u = Ji ^ = S c d(^, f ) = gcd(t 



-) 

' d>- 



Proof. First we observe that t = (q - l)(q^ 2 + 2q l ~ 3 H \-(t-2)q + 

t — 1) + 1 and therefore / = gcd(£ , § )• 

Substituting c i— > aoc and noting that g = 7' , ([6]) transforms into 

M * = E e ^ c ) E e *(W°^) = 5>(^) E ^(rf^)- 

ceF* xeF* i=0 zgF* 

By the partitition (7' ) = UJ=o 7t° J (Tt° u ) eacn element in (7* ) can 
be written in the form 'yl° J, yl ouk with j G {0,...,w — 1} and A; G 
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{0,..., 2=1-1}. Thus, 

E e t (a ^ i+i ^) = E et(ao^ +l °ht to/l x)^ 
zeF* xew*. 

x-eF* 

and consequently 

u— l \ 1 

M t = E E ^(ao7 t * M+t0 ^) E e i(7^7^)- 
i=o xeF* fc=o 

Here the inner sum equals 

9-2 



-E^v^h-E 6 ^), 

fc=o ceF* 
and the proof is complete. □ 



5. Number of polynomials in certain special cases 

In this section we consider some special cases when M t , and hence 
P m (a, s, h), can be given expicitly. One case is that s is small. Then A in 
the summations of Lemmas [5] and [6] has small order. The Jacobi sums 
for characters of several small orders have been computed explicitly in 
®. 

Another classes when M t can be computed explicitly (or up to two 
choices) are the semiprimitive and index 2 cases for p = 2 (see Subsec- 
tion EH p. HH for definitions). In these cases the monomial sums, or 
at least their value distribution, in Lemmas [4] and [7] can be evaluated. 

We shall consider several small s and semiprimitive and index 2 cases 
in the following subsections. 

5.1. Case s = 2 (Carlitz's case). The case s = 2 was studied already 
by Carlitz in [4]. Now b G g h (g 2 ) and h = or 1 according to whether 
b is a square or a non-square in F* In addition, p must be odd since 
2 | (q — 1). We have now three possibilities for d and I: 

[(1,1) if2ff,2ft, 
(d,l) = I (1,2) if2{f, 2\t, 
[(2,1) if 2 |f. 

Let us now compute M t and N t assuming For other cases, N t can 
be computed with Lemma CD After computing M t the Nt is obtained 
from Lemma [21 see Theorem [T] below. 
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If (d, Z) = (1, 1) then i = h in ([!]) . For a = we have by Lemma [4] 
M,= (g-l)^e t ( 7 fx) = l-g. 

For a ^ 0, let p be the multiplicative character of order 2 of F g . Then 
p = p and p(g h ) = (— l) h . Further, 

J t (p) = [~ p ^~ l )\^ q Ti if t is even ' (10) 

' ' )p((—l)~)q~ if t is odd, 
by [31 Theorem 10.2.2]. As now t is odd, Lemma [6] and (fTOl give 

\t„h\ i , „„// i\^\„^„//m^„/i 



M t = 1 + qJ t (p)p((-a ) V) = 1 + gp ((-l)-)g- p ((g)y) 

If (cZ, Z) = (1,2) then again i = h in ([4]). Now t is even, so Lemma 
[5] and (TTOl give for a = 

M t =( g -l)(-l + gJ t (p)p(^)) 

= (g-l)(-l-gp((-l)t)g^(-lf) 

= (g-l)(-i-(-l) h g*p((-l)*))- 

For a^Owe get by Lemma [6] and (fTOl 

M t = 1 - ffJ t (p)p((-ao)V) = 1 + gp((-l)^(-lf 

= l + (-i)V((-i)*)<?i 

If (d, Z) = (2, 1) then © can hold only if h = (N t = for /i = 1 by 
Lemma [T]) . By Lemmas [H and [H M f = 1 — q for a = and M t — \ for 
a 7^ 0. Lemma [2] now gives the following theorem. 

Theorem 1. The values of N t for s = 2 and assuming (Ojjj are i/tose 
fotec? m Tabled 



Table 1: Values of N t for s = 2 assuming ©. 



a JV t (d, Z) 

^0 ^{q*- 1 - 1) (M) 

- 1 - (g - l)(_l)^ p ((_l)|)) (1, 2 ) 

q'- 1 ~ 1 (M) 

Kg*" 1 + (1,1) 
+ (1,2) 

CM) 



Equation (0D) now gives P m (a,2,h) explicitly when the structure of 
the factorization of m is known. In particular, if m > 2 is prime then 
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P m (a,2,h) = ±(N m - JVi), and d = I = 1 for both t 
from Tabled! N m = Uq 171 ' 1 - 1) for a = and 



1, m. First, 



N„ 



for o / 0. If m = p then by Lemma UiVi = ^y- for a = and 
iVi = for a 7^ 0. If m ^ p then Table CD yields iVi = for a = and 
Ni = |(l + (-1)V(™)) f° r a 7^ 0. Combining these we obtain 



P m (0,2,/i) 



J_t m-l 
2mA y 



if m = p, 
1) if m 7^ p, 



and, for a^O, 



2p\* * s ) if m = p. 

^(g" 1 " 1 + 5- (-l)V(ma) - 1) if m^p, 



where S 1 = (— l) h g 2 p((_i) 2 a). These results are in accordance 
with |H eqs. (5.8) and (5.9)]. 

5.2. Case s = 4 = 2 2 . For s = 4 we assume that q = p, i.e. r = 1. 
Then [3| Theorem 10.2.5] applies directly. The more general q will be 
considered in a future work. Since 4 | (q — 1), p = Af + 1 for some 
/ G Z. This time we have six possibilities for d and /: 



(d,0 



Let X4 be the multiplicative character of order 4 of ¥ q = ¥ p satisfy- 
ing X4:(g) — i- Furthermore, let 04 and 64 be integers satisfying (see 
Theorems 3.2.1 and 3.2.2 in [3]) 

a 4 + fe 4 =p, 0,4 = — (~) (mod 4), 64 = a^ 2 ^" (mod p), 

where (|j denotes the Legendre symbol. Set 

vr 4 = (_i)/(a 4 + i6 4 ) g Z[i]. 

Then 7r 4 7f^ = p and, since q = p, 

— p 4 7r 4 2 if t = (mod 4) , 

t _! «zA 

p 4 7r 4 2 if t = 1 (mod 4) , 

t-2 i 

p^vrl if t = 2 (mod 4), 



'(1,1) 


iff 


and t are odd, 


(1,2) 


iff 


odd and t = 2 (mod 4), 


(1,4) 


iff 


odd and 4 t, 


(2,1) 


iff 


= 2 (mod 4) and £ odd, 


(2,2) 


iff 


= 2 (mod 4) and t even 


.(4,1) 


if 4 


m 
t ' 



(11) 



JtiXi) 



(12) 



4 7T, 



if t = 3 (mod 4) 
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by 0, Therem 10.2.5]. Note also that xl = P ( see s — 2), x\ = Xi-, 
and consequently Jt(xl) = JtiXi)- Further, p(— 1) = x\{~ 1) = 1 an d 
g = p, so (TTOl) simplifies into 

I p 2 it £ is odd. 

Let us now assume ((5|) and compute the numbers M t and N t . As in 
the previous subsection, N t is obtained in the other cases from Lemma 
ED We use the above results on Jacobi sums, and Lemmas [5] and [6] in 
the cases a = and a ^ 0, respectively. Let first a = 0. If / = 1, 
Lemma [5] gives M f = 1 — p. In the case I = 2 we have 

M, = (p-l)(-l + (-l)*M(p)p(^°)) 

by Lemma El Here p(g l °) = p(g l °) = (— l) l °. As now £ is even, ([TBI 
gives M t . Finally, if I = 4, 



p — 1 



-i + (-i)^J t (W) 
-l + (-i)*p(J t (x4)x!(^°) + ^(p)p(^°) + J t (xl)x4(^ )) 

-1 + (-l)V((-l) i0 J t (p) + 2Re(J i (x4)i 3J0 )). 



The formula for M t is obtained from this by using (1121) and ([TBI and 
by remembering that 4 | £ in the case I = 4. 

Let us next consider the case a ^ 0. If 4 = 1, M t — 1 by Lemma [H 
This corresponds to (<i, Z) = (4, 1). If 4 = 2 then (cf, Z) = (2, 1) and £ is 
odd or (d, Z) = (2, 2) and £ is even. Again by Lemma [6] 

M t = l + (-l) t - 1 pJ t (p)p((-a ) t g i0 ). 

Here p((-a )V ) = (-l) io p((-l)*)p(4) = (- 1 ) i °P( a o) when £ is odd 
and p((— dofg 10 ) = (— l) l ° when £ is even. The equation f TT3l now 
gives M t . If | = 4 we have three possibilities for (d,l). In the cases 
(d, Z) = (1, 2), (1, 4) we know £ modulo 4 but in the case (d, Z) = (1, 1) 
there are two possibilities: £ = 1 (mod 4) or £ = 3 (mod 4). Lemma [6] 
now gives 

M t = 1 + (-l)*-V(2Re(J t (x 4 )X4((-ao) 3 *)i 3io ) + (-1)*° Jt(p)p(4 )) . 

Again numbers M t can be obtained from this by using the knowledge 
on £ modulo 4 and the equations ( fT2l ) and ( TT3l) . 

We summarize these results in the following theorem. 

Theorem 2. Assume q = p and (EjJ, and let 



t-l *-! 



() = ,P 4 V X4(-a )i l ° */* = 1 (mod 4), 

{-lyp^TT^x^-ao)'^ tft = 3 (mod 4). 



In addition, let 114 be as in ( OH) . i as in and /e£ ao = —p. T/ien 
the values of N t for s = 4 are £/iose ZisZed in Tabled 
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Table 2: Values of Nt for s = 4 assuming (J5]) and q = p. 



a N t (d, I 

^=~o {tf- 1 - 1) (M 

i(pt-i_l_(_l)v» p ^(p_l)) ^ (1,2 

_ i _ + 2Re(7r|i io ))) (1,4 

Kp*- 1 - 1 - (-I)V^(P- 1)) (2,2 

p*" 1 - 1 (4,1 

^0 + (-l)^( p ^p( ao ) + 2ReQ t ,4)) (M 

I(p*-i + (-l)>^( p ^ _ 2 p(ao)Re(vr|i i «))) (1,2 

i(p' _1 + (-l)>^(p2 + 2Re(7r|i io ))) (1,4 

|( p t-i + (_l)Vii p ( ao )) (2,1 

Kp*- 1 + (-1)>V) (2,2 

p*- 1 (4, 1 



If m > 2 is prime then we can use Theorem [2] to obtain P m (a, 4, ft,). 
As with s = 2, P m (a, 4, ft) = — (N m — iVi) and it is enough to consider 
N t for i = 1, m. 

If t = 1, we have d = 1 by the assumption m > 2, and / = 1. In the 
case p = m we have by Lemma Q] 

= fi(p-l) if o = 0, 
1 [0 ifa^O. 

If p ^ m, (jSJ) holds and from Table [2] iVi = for a = and 

iVx = 1(1 + (-l) i0 (p(a ) + 2Re(xl(-a )i i() ))) 

for d^O. Here a = — — = —ma^ 1 and, modulo 4, 




ft if m = 1 (mod 4), 
3ft ifm = 3 (mod 4). 



Thus p(ao) = p(— l)p(m)p(a) = p(ma) and xl(— ao) = X4(ma _1 ) = 

If t = m, we have ef = 1 and, by the assumption m > 2, I = 1. 
Clearly, (JSJ) holds in this case. So for a = we have N m = ^(p m_1 — 1). 
For o^Owe have i = ft (mod 4) by (jlj) and a = — = —a -1 . Thus 
p(a ) = p(-l)p(o) = p(a) and x 4 (-ao) = ^(a -1 ) = xl(a) = X4(a 3 )- 
Table [2] now yields iV m for both m = 1 (mod 4) and m = 3 (mod 4). 
Note that if m = p then m = q = 1 (mod 4). 
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Combining the above we have 



for a = 0. If a ^ then 



j{jf 2 — 1) if m — p, 



P p (a,4, h) = Up^ 1 + (-l)'^p(a) + 2/^ Re(V ttW*))) 



for m = p and 

P w (M,ft) = h(v m ~ X - 1 + (-l) h (p(a)(/^ -p(m)) +2Rei2 m )) 
for m ^ p, where 



P 4 vr 4 2 X4(a)i — %4(m a)i if m = 1 (mod 4), 



m + l 



-i)fp 4 7r 4 2 ^ 4 (a)i h — X4(^ 3 o)i 3h if to = 3 (mod 4). 



■5.3. Case s = 3. For s = 3 we again assume that q = p, i.e. r = 
1. Since 3 | (p — 1), p = 1 (mod 3). As for s = 2, we have three 
possibilities for d and I: 

[(1,1) if3{f, 3ft, 
(eM) = <(l,3) if3ff,3|t, 
[(3,1) if 3 |f. 

Let X3 be the multiplicative character of order 3 of ¥ g satisfying Xz{9) = 
._ e 2vn/3_ Obviously X3 — X3 1 — X3 an d consequently Jt(x3) = 
Jtixl)- We also note the useful properties xi(~ 1) — Xa(( — I) 2 ) = 1 
and x 3 (— 1) = 1) = 1- Let a 3 and 63 be integers satisfying (see 
Theorems 3.1.1 and 3.1.2 in |3j) 

a 2 + 363 = p, a 3 = — l(mod3), 363 = (2g E ^~ + l)a 3 (modp), 
and denote 

7r 3 = X3(2)(a3 + i&3v / 3) GZ[C]. (14) 

Since we assume g = p, 0, Theorem 10.2.4] is applicable and it yields 
together with 7r 3 7f3~ = p that 

-p^ir^ if t = (mod 3), 
^(Xs) = <( p^v^ if t = 1 (mod 3), (15) 

t-2 1+1 

p 3 7r 3 3 if i = 2 (mod 3) . 



Let us now assume j5|) and compute the numbers M t and A t . Again, 
in the other cases N t is obtained from Lemma [D 



IRREDUCIBLE POLYNOMIALS 13 

If (d, I) = (1, 1) then t = 1 (mod 3) or t = 2 (mod 3). In the case 
a = we again obtain M t = 1 — q by Lemma 01 For a ^ Lemma [6] 
gives 

t^i(M t -l)= £ J t (A)A((-a )V°) 

= ^(X3)x^((-ao)V°) + J*(X8)x§((-ao)y°) 
= 2Re(J t (x 3 )X3«)C 2i0 )- 

As (1151 ) tells the value of the Jacobi sum in the above equation, M t and 
N t are easily obtained from this. 

If (d, Z) = (1,3) then t = (mod 3). The numbers N t can again be 
obtained as above using Jacobi sums and Lemmas [5] and [6] for a = 
and a ^ 0, respectively. Finally, for (d, Z) = (3, 1) Lemmas [5] and [6] give 
M t = 1 - q if a = 0, and M t = 1 if a ^ 0. 

Again, Lemma [2] completes the following theorem. 

Theorem 3. Assume q = p and (TJP, and let 

Qt3= ip^^M^)C°, ift = l (mod 3), 

[p^nfxsiaoX 210 , ift = 2 (mod 3). 

Further, let 7r 3 oe as in [14\ ), Iq as in Q), and /e£ ao = —p. Then the 
values of N t for s = 3 are t/iose listed in Tabled 



Table 3: Values of Nt for s = 3 assuming J5|) and q = p. 
a Nt (d,l) 

T^o K/- 1 - 1) (MT 

l(p*-i _ 1 _ 2(-l)V^(p - 1) Re(7rlC 2i() )) (1, 3) 

p'- 1 - 1 (3,1) 

~^J0 lip 1 ' 1 -2(-l)* Re Q ti3 ) (M)" 

i(p*-i + 2(-l)V^Re(vrlC 2i0 )) (1,3) 


Again, we shall finally consider the situation when m > 3 is prime. 
The computations are straightforward and similar as in the case s = 4 
so we just state the results: 



Pm{0,3,h) 

for a = and 



2 — 1) if m = p, 



3 

3^(p m_1 -l) Hm^p, 



P (a3h) = [U^ 1 + 2 ^ Xa(a)C 2/l )) if ro = p, 

l^r(P m " 1 - 1 + 2Re ^) ifm^p, 
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for a 0, where 

((^3)^ - X3(m))x3(a)C 2h ifm=l (mod 3), 

(p'V^ 3 X3(a)C h ~ X3~(m))x3(a)( h if m = 2 (mod 3). 

5.4. Case s \ (p e + 1). Assume r = 2en and let s > 1 be a factor of 
p e + 1. Then —1 is a power of p in Z s , and s is called semiprimitive. 
The semiprimitive numbers iV appear also in [H [17] in connection to 
semiprimitive cyclic codes. We recall Theorem 1 in [9], which we shall 
use in the following form: 

Proposition 1. If s | (p e + 1) and r = 2en then 

(-l) n V?-l ifi^h (mods), 

-l)"* -1 ^- 1)V^- 1 ifi = K (mods), 



E ^ 



where k s = s/2 i/p > 2, 2 f anc? 2 f (p e + l)/s, and k s = otherwise. 

Note that Proposition Q] holds for s = 1, too. 

If a = 0, Lemma [Hand Proposition Q] immediately give 

Mj f (-1)"W if (ED holds, 

g-1 |(-l) n *- 1 (Z - l)v^ if (TTBl) holds. 1 ' 

where the conditions are 

/ > 1 and i ^ k[ (mod I), (17) 

1 = 1; or / > 1 and zo = h (mod/). (18) 

Assume next that a ^ 0. We combine Proposition Q] with Lemma [7] 
and observe first that the congruence ind 7t a + t j + i = /c s /d (mod 4) 
is solvable in j if and only if 

I I (k s /d ~ io - ind 7i oo) and l -fj = fc ^-*°j ind ^ ao ( mod u ). (19) 

Assume first that / \ (k s /d — io — m d 7t a ). Now, by Lemma [7] and 
Proposition [U we get 

u-1 

uM t = ((-i) nt ^ - 1) e E ei ^ c ") 

ceF* i=o 

= ((-l) ni - 1 V^+l)w- (20) 

Assume next that I \ {k s /d — io — ind 7t ao)- Since the congruence in 
(Ti~9l) has unique solution j G {0, . . . , u — 1}, Lemma[7]and Proposition 
[T] imply 

uM* = ((-l)"*- 1 ^ -1)^-1) E e ^°c u ) 

ceF* 

+ ((-irv^-i)EE e i(^)- 

3&0 ceF 9 * 
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Here 

u-l 

j¥j'o ceF* j=o ceF,* ceF* 

and therefore 

M M 4 = (-1)-*-^^^ ei(^' c u ) + {{-l) nt - l ^+l)u. 



ceF* 



Finally, by applying Proposition Q] with i = 1, we get 



ceF* 

where the conditions are 



■l) n y/q-l if (pH) holds, 

-l) n - l (u- l)y/q- 1 if d22l) holds. 



w > 1 and jo ^ ^« (modw), (21) 
w = 1; or u > 1 and jo = ^« (modw). (22) 

Altogether, if Z | (k s /d — io — hid 7t ao), then 

M t - 1 = (23) 

Vg-ljZ + ljV? if H2I]) holds, 

(-^(((-^^(li-lj^-ljl + ljV? if (|22D holds. 

Combining ( TT6l) , (1201) and (1231) with Lemma [2] we get the values of 
N t which we gather in the following theorem. 

Theorem 4. Assume s \ {p e + 1) and r = 2en. Then the N t are those 
listed in Table\^ Especially, if a = and I = 1 then N t = ^(q^ 1 — I), 
and if a ^ and d = s then N t = q 1 ^ 1 . 



Table 4 


: Values of iVf for s (p e + 1) and r = 2en with " |" 


and 


"f telling 


I whether I divides k s / d — io — ind 7t ao or not. 




a 


N t 


with 


a = 


f (g*- 1 - 1 + (-1)^(9 - 1)V?*- 2 ) 


(ED 




J( ? t-l_l_(_l)^_l)(|_l)^t-2) 




a ^ 


f(? t_1 - (-i) n *vV~ 2 ) 


t 




q t-l _ (_l)nt (((-1)"^ - 1)1 + 1) ^-2) 


1, (EH) 




- (-i)"*(((-i)-i( u - i)v^- i)z + 1) vV- 2 ) 


i, m 
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5.5. The semiprimitive and index 2 cases for p = 2. In this sub- 
section we assume that p = 2 and show how to calculate P m (a, q — 1, h) 
in semiprimitive or index 2 cases by applying the results from [8] II] 
and [Hj. In particular, we give P m (0, q — l,h) explicitly for all m < 30. 
We also give a table of these numbers for q — 2, 4, 8, and small val- 
ues of m to cross-check our formulae against the results given by the 
irreducible polynomial generator in |15j . 

As p = 2, the semiprimitive case holds for an odd integer N > 1 if 
— 1 is a power of 2 in Z^r. Correspondingly, the index 2 case is said 
to hold for JV if -1 £ (2) C Z N and ordjv2 = <f>(N)/2 where <p is the 
Euler function. 

If s is semiprimitive then clearly its factors, especially I, s/d and u 
in Lemmas [H and [3, are too. Proposition Q] can be written for charac- 
teristic p = 2 in the following form, see also [8, II Theorem 1]. 

Proposition 2. Assume thatrt = iVord^ 2, iV > 1 and —1 is a power 
of 2 modulo N. Then 



Similarly, if the index 2 case holds for N then its factors satisfy either 
the index 2 or the semiprimitive case, see [HI II Lemmas 2 and 5]. In 
what follows we consider only square-free N in the index 2 cases. From 
the general classification result [HI II Lemmas 3 and 6] it follows that 
the following three cases are then possible, where p\ and P2 are primes: 

1. N = p 2 = 7 (mod 8); 

2. N = P1P2, Pi = 5 (mod 8), p 2 = 3 (mod 8), 2 is a primitive 
root modulo p\ and modulo p 2 ; 

3. N = P1P2, Pi = 3, 5 (mod 8), p 2 = 7 (mod 8), ord Pl 2 = p\ — 1, 
and ord P2 2 = (p 2 - l)/2 with -1 £ (2) C Z P2 . 

The value distribution of the monomial sums in the above square- free 
cases were studied in [2] (cased]) and [H] (cases [2] and [3]) . The general 
(characteristic 2) index 2 cases has been studied in [8j (cases [T] and [2]) 
and in [H] (case [3]). We are able to compute the value distribution 
except for few case [3] parameters. Knowing only the value distribution 
and not the exact values is not enough to compute the P m (a,s,h) 
exactly but with the methods from [8] and [14] we get (except for some 
cases [3]) at most two possibilities for the values of each P m (a, s, h) when 
the index 2 case holds for m. 

Let us next recall how the index 2 sums XLeF t e t^t xN ) can De 
computed in our three cases. For the results and methods we refer to 
[TBI [8| for cases [D and [2] and to [H], especially Theorems 4, 6 and 7, 
for case [3] Also [2] CE] can be used. Let rt = r't' with r' = <f>(N)/2 = 
ord-N 2 and denote by 5 = Norm(7t) a primitive element of F 2r / , where 
Norm is the norm from ¥ q t onto F 2 r'. Further, since N\(2 r -1), there 
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exists a multiplicative character x of F 2r ' for which x{$) — e 2n '^ N . The 
character x has order N and x' — X°Norm is a multiplicative character 
of order iV of ¥ q t . 

The value of the monomial index 2 sum ^2 X&¥ t e^lx 1 ^) can now be 

computed in terms of G t (x) — XLeF* e t{ x )x'{ x ) by using [HJ Theorem 

2] in the case EE} jBJ Theorem 3] in the case [2] and p3J eq. (16), Theorem 
4] in the case El By the Davenport-Hasse identity 

G t (x) = -(-FAx)Y\ F r ,( X ) = X(x)e(x), (24) 

where in the last Gauss sum over F 2r / e is the canonical additive char- 
acter of ¥ 2 r' . These latter Gauss sums can be computed up to the sign 
of the imaginary part, see [HI p. 1245] and [HI p. 9 and Theorem 7]. 

The above cases cover all values m < 30, so we able to compute 
(possibly up to two choices) P m (0, s, h) for m < 30 by Lemma [4] and 
P m (a,s,h) for a ^ 0, m < 30, by Lemma As an example we give 
P m := P m (0, q — 1, h) for m < 30. Since s = q — 1, we have b fixed and 
h = ind b = ind g b. We consider the values m < 30 in the following 
order: 2 k (2, 4, 8, 16), semiprimitive primes v (3, 5, 11, 13, 17, 19, 29) 
and the cases related to these: 2v (6, 10, 22, 26), 4t> (12, 20), 8v (24), 
v 2 (9, 25), 2v 2 (18), v 3 (27). Finally, we cover the index 2 cases: 7, 23 
with related 14, 28 (case CD), 15 with related 30 (case EJ), and 21 (case 
ED- 

Hm = 2 k then (OD) gives P m = ^{N m - N m/2 ). By Lemma CD N m/2 = 
q . Lemma [4] gives M m = 1 — q and then N m = 9 by Lemma 
El Thus, as in |T0l, Example 2], 

qin—l g"V2 

m(q — 1) 

In the case m = v equation (p]) implies P v = -(N v — Ni). lfv\ (q — 1) 
then d — I — 1 for both values t = 1, v. By LemmalU Mi = M v = 1 — q 
and therefore Lemma El gives iVi = and N v = ^=^. Thus 

v(q-l)' 

Assume now that v \ (q — 1). If t — 1 then d = v and I = 1. By Lemma 
[U N\ — if v \ h. If v \ h then Mi = 1 — q by Lemma [4] and therefore 
Lemma El gives N\ = in this case, too. Ift — v then c? = 1 and I = v. 
By Lemma [4] and Proposition El we now have 



M v 
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where ± = (— 1)"' with rv = v'ord v 2. Since v is odd, ± = (— l)ord„a. 
By using Lemma [2] and combining the above results we get 



q v-i _ i 



if ord„ 2 f r, 



Pv~- ( -={±\^^ iford„2|r, find 6, (25) 

via — 1) v , i - 

T^^T^ if ord„2 | r, v | indfe. 

To consider the case m = 2v we note the following. If — is odd we 
have /j,(m)Ni + /i(y)iV 2 = 0. Namely, for t = 1, d = gcd(m, g — 1) = 
gcd(y,g — 1), and Lemma [T] gives iVi = or d if d \ h or d | /i, 
respectively. For t = 2 we have d = gcd(y,g — 1) again and I = 
gcd(2, 2^i) = 1. If d { /i then iV 2 = by LemmaHJ If d | h then Lemma 
[4] gives M 2 = 1 — g and therefore iV 2 = j^p^{° 2 — 1 + 1 — g) = d. This 
proves the claim n(m)N\ + yu(y)A^ 2 = for odd y. Note that this 
claim holds true also if 8 | m or m is non-square-free. The use of (JTJ) 
now gives P 2v = ^-{N 2v — N v ) by the above consideration. 

For t = v, d = gcd(2,g- 1) = 1 and 2 | f . By Lemma ffliV,, = 
For t = 2v, d = 1 again and I = gcd(2t> , q — 1) = gcd(t>, g — 1). If 
v \ (q — 1) then / = 1 and Lemmas [2] and [H yield 

N 2v = — (q 2v - 1 + 1 - q) = q - — . 

(9-1)9 9-1 

If v | (q — 1) then / = t> and Lemma [4] and Proposition [2] give 



M 2v 



(q-l)(-l + q v ) ifuf/i, 
(g- 1)(-1 - (u- l)g u ) ifu|/i, 



since now o 2 ™ 2 is even. The use of Lemma [2] together with these results 
gives 

, , i if ord„ 2 \ r, 

2«-l _ v 

P ^ - %-7I in = 1 if OTd - 2 |r, in d&, 



2v(q- 1) 



^2^-q v 1 if ord,; 2 | r, u | hid 6. 



For the remaining cases related to semiprimitive primes v the use of 
Lemmas CD, [2] and [4] and Proposition [2] gives the following results. The 
details of the calculations are given in [6]. 
lfm = Av (12, 20) then 



D q 2v (q 

4u 



2v-l i\ \ 4v 



£ if ord„ 2 |r, 



4t>(g 



4i> 

3 ir? 2t '" 1 - (|) 2 if ord„2 \r,v\ mdb. 



if ord„ 2 \ r, v \ hid 6, 
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If m — 24 then 



<? 4 (g 3 -i) 



if 2*r, 



24 -^rr TV = S £ if 2 j r, 3tind&, 

-^-^fcl 1 if2|r,3|indfc. 



24(g-l) 

If m = v 2 (9, 25, which are semiprimitive) then 



<f - 1 - 1 q v ~ l - 1 

P v 2 - 



f 2 (g — 1) v 2 (q — 1) 
for orclj 2 f r, 

g^ 2 - 1 - 1 _ J±i4rvV 2 ~ 2 if u find 6, 

n2 "^T)" \- q i^Ti^V¥^ if^indfe 

for ordt, 2 | r, ord„2 2 f r, and 



v 2 {q — 1) 

±2^ V / ^ if u find 6, 

± 2 ^V?^- ^(^^r 1 ±i V 7 ^) if v I t; 2 find 6, 

^^v^-K^Ti^-^v 7 ^) if t^ 2 I ind 6 



for ord^ 2 2 | r, where ±; = (-l)° rt V 2 for i = 1, 2. 
If m = 18 then 

g 9 (g 8 -l) _ g 3 (g + l) 
18 18(g-l) " 18 

for 2 f r, 

gV-1) (g if 3tmd&, 

18 18(^-1) \- q Y( q Y + a f) if 3 | ind6 
for 2 | r and 6 \ r, and 

9 8 (fi if 3 find 6, 

% } [_ £W±M£±1M) if9 | ind6 

for 6 | r. 

If m = 27 then 



g 26 - 1 g 8 - 1 



for 2 f r, 



27(g-l) 27(g-l) 



g 26 -l [±^^5 if 3 find 6, 



27 27(9-1) \-i(^±2v^) if 3 I ind6 
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for 2 | r, 6 \ r, 



-P27 — 



q Zb - 1 
27(q-l) 



27 Vl 

9(9-1) 111 27 W y ' 



^£(4^-3* 



9(g-l) ' 27 



if 3 find 6, 

if 3 I ind 6, 9f ind&, 

if 9 I ind b 



for 6 I r, 18 \ r, and 

,26 _ 1 



P27 ~ 



27(q - 1) 



27 



,25 



9(9-1) ^ 27^ 



25 



if 3 find b, 

if 3 I ind 6, 27 find 6, 



i =F ^(13 Vg^- 12 V? 7 ) if 27 | ind 6 



for 18 I r, where ± = (— 1)2. 

In the index 2 caseED, m = p 2 (7, 23) and we have P m = ^(N m — N\) 
by (OQ). In considering Ni we have d = gcd(m, q — 1) and Z = 1. Thus 
Lemma Q] gives Ni — if tZ { h. In the case d \ h the use of Lemmas [2] 
and 0] implies Ni = 0, too. 

If t = m then d = 1 and Z = gcd(m, g — 1). If m \ (q — 1) then Z = 1 
and M m = 1 — q by Lemma BJ Thus Lemma [2] gives A/, 
m I (q — 1) we have 

n m— 1 1 1 

= — + - £ e m ( 7 > m ) 

1 a - 



2^1. For 



5-1 



9 



3 = ord 7 2and f = 7r/3 



by Lemmas [2] and [H 

To determine N 7 we note that r' = (f)(7) /2 
in (El]). Further, as given on [121 p. 3], 



F 3 ( X ) = -l + cV-7, cG {1,-1}, 

in (1241 ) and the use of [121 Lemma 3] togehter with the above consid- 
eration gives 



P7 



q 6 - 1 
7(9-1) 







7r 7r 

3 + u) 7 3 ' 



'7 



+ UJ. 



r- 7r 1 

— {0J 7 

a/2/ : T + 1 , --T+ 1 - 



IT — 1 

7r 



< 7 



"7 



if 3 f r, 

if 3 I r, 7 I ind 6, 
if 3 I r, ind b G C 7 C , 
if 3 I r, ind 6 G C 7 „ 



where u; 7 = (1 + y/—7)/y/S, bar denotes the complex conjugation and 
denotes the 2-cyclotomic coset modulo N containing i. 
In the related case m = 2 ■ 7 = 14 we see as above in the case m = 2v 
that fi(14)iVi + /i(7)A^ 2 = in ©. Thus P u = ±(N U - N 7 ). If t = 7 
then d = gcd(2,g — 1) = 1. Since — = 2, Lemma [T] can be applied to 



get iV 7 



9-1 • 



In the case t — 14, d — 1 and Z = gcd(14, g — 1) 
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gcd(7, q — 1). If 7 \ (q — 1) then Z = 1 and Lemmas [2] and [4] give 
AT 14 = q . By using again Lemmas [2] and [H we have 



,13 



N- 



ii 



q 



if 7 I (g— 1). Now rm = m'ord 7 2 or m' = 14r/3, and therefore we get 
as above 



ro 



Pu- 



14^7 



3 +w 7 3 )g 6 



14(g - 1) 



/— 14r -i 14r 1 



14 V^7 



< 14 ' 



U) 7 



if 3f r, 

if 3 I r, 7 I ind 6, 
if 3 I r, ind 6 G C c 7 , 
if 3 I r, ind& G CL 



with the same c and uj 7 as in P 7 . 

For the details of the cases m = 4 • 7 = 28 and m = 23 we refer to 
|6| and state here the results: 



q u (q 13 



P28 — 



V, 



28(q- 

28 



if 3f r, 



< 



■^(u; 7 3 + iu 7 [i )q 13 - (f ) 2 if 3 I r, 7 I ind 6, 



1- 2Sr 1 

28 ^7 

r- 28r 11 

k 28 \ U 7 



+ cj 7 3 



■ -1 N 



,13 



13 

)q A 



if 3 I r, hid 6 G CJ, 
if 3 I r, ind& G Cl t 



with the same c and u 7 as in P 7 . For m = 23 the Gauss sum Fn(x) 
can be calculated with the method described on [T2J, p. 3]. We obtain 
Fu(x) = 2 3 (-3 + cv/^23), where c G {1, -1}. Then 



ro 



,22 



-P23 _ 



23(g 



_u 

23 

(i!) 



(^23 +^23 )Q n 



if 11 fr, 

if 11 I r, 23 I indfe, 



Re(w 2 1 3 1 (1 + V^)) if 11 I r, ind b G C c 2 



23 



23 

CD 



[ 3£ Re(cj 2 1 3 1 (1 - V^23)) if 11 I r, ind b G C 



23 



where u 2 3 = 3 — \J — 23. 

The index 2 case [2] holds for m = 15. Now -^(x) = 1 + cy/—15 in 
( 1241) is given in [El Lemma 5], where c G {1, — 1}. We again just state 
the results for m — 15 and the related m = 30, and refer to [6] for the 
details. If m = 15 then 



q 



11 



15 



15(9 



g 4 + q 2 - 2 
' 15(9-1) 
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for 2 \ r, 



g 14 -l 



Pl5- 



15(g-l) 
for 2 | r, 4 f r, and 



■±(q + l + v 7 ^- >/?) if 3 find 6, 

_X(3(£i_i)_ 2 ^i3 + (^g+l)2) if 3 | indfe 



^15- 



g 14 - 1 
15(g-l) 



in 



+ 1±2) 



'9 



13 



15i- 

'15 + ^15 ~ 

15r 15r 



_i 



15r , . „ 



2±l) 



if 15 | indfe, 
^) if ind b gC 3 15 , 



+ w. 



15V~V^15 ^^15 

15r 



q 



^- 4+ +^i 5 4 : 



1T4) 
+ l±l) 



■§(g+l+^g) if ind 6 eC, 15 
43 



+ 0,1 ) + i±i)v? 



13 



5 5 

if ind 6 G C]\ 
if ind 6 G Cl 5 ,. 



for 4 | r, where ± 
If m = 30 then 



P 



30 



■1)4 and w 15 = -(1 + V^T5)/4. 
g 15 (g 14 -l) g 3 (g 6 -l) 



for 2 I r, 



30 



g 15 (g 14 - 1) 
30(g-l) 

for 2 | r, 4 f r, and 

g 15( g 14 _ ^ 



30(g-l) 



I 3 (l 2 -!) 



30(g-l) 



+ Ma 12 

30(9-1) ^ 30^ 
9 3 (3g 6 -29 2 -l) _ £■/ 
30(g-l) 15 v y 



1) 

12 



if 3 find 6, 
1) if 3 | ind 6 



P30 — 



30(g-l) 
' "4(20 



15r 15r 

15 +^15 



g 5 (g 4 -i) 



s^(2( 



10(9-1) 

15r 157- 

15 + ^15 ~ 

15r 15r 



+ 3)g 14 

^(g + l) + fJ(6g 2 + 5) if 15 | ind 6, 

if ind b G CI 5 



CO 



15 



4(^15 



151 + 1 
2 TX 



k 15 V 



UJ 



15 



+ ^15 2 

15r 

+ ^15 2 



15 

± >/y 10(9-1) 

,-, ; -3)g 14 -^^ 



6(9-1) 



+ 1)9 
^ + i)g 



3 5 

if ind b G C 5 15 , 
if ind&G C c 15 , 
if ind 6 G C 15 „, 



for 4 I r, where 00^ = — (1 + \J— 15)/4. 

The index 2 case [3] holds for m = 21. The Gauss sums F 6 (x) — 
-2(3+c v / ^7) and F 6 ( X 3 ) = 2(3+eV=7) = -F 6 (x), where c G {1, -1}, 
are computed in [T4l Example 11]. Then 



,20 



g u + g z 



21 



21(g-l) 21(g-l) 
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for 2 \ r, 3 \ r, 



,20 



P21- 



1 



21(g-l) 



21 v 



9-1 



±2( g 9 -i)Vg) 



if 3 find 6, 
if 3 I ind b 



for 2 



r, 3 \ r, 
.20 



P 



21 



21(g- 

9 6 +7g 2 - 
21(9-1) 

Q 6 -l 



1) 



((a;, 



+ ^ 7r )g 7 + K 3 +^ 7 3 ))) 



7r 7r 
3 



21(9-1) 



-1 



21(9-1) 



+ 



+ 



/2<j 5 
21 



/2q 5 
21 



(C 



a; 



7r-l 



+ w£ r -V-(w? +1 + 0/ 



((■ 



7r+l 



+ ^ 7 7r+1 )g 7 -(^ 



7r i 7r 
3 1 1 ,-, 3 ' 
7 + ^7 



if 7 I ind 6, 
if ind 6 e Cj, 
if ind b G Cl, 



for 2\ 
P21- 



r, 3 
q 20 



r, and 
- 1 



21(9-1) 
(i(3(2±l)( 



7r 7r 

21 +^21 

It 7r 



^) + I(itv?) 2 ) 



21 



i (3(1 =F 1)^ + 2 \ ) ± g 7 ) vV - |(9 



r 3 - 

^))±Re(u; 2 f (1- 
'=7))±Re(o;|(l + 



21 



7r 
2 
21 

1 2r„ 
f + 

7r 
2 

21 



(2Re(o; 2 2 1 (l + 



(2Re(^(l 



*=?)) =F 2g 7 ) 
^7)) T 2g 7 ) 



if 21 I ind 6, 
for C 7 21 , 



for CH 



0J7 



for C 



21 



-3c 5 



(- Re(o; 2 2 1 (1 - 
, L (-Re(o;|(l + 



21 



21 

c ) 



7))±g 7 ) forC; 
7))±g 7 ) forC 21 c 



> 7 ;v^) 
"7))±Re(o;J(l + 
"7))±Re(o;|(l- 

for 6 I r, where Cf 1 indicates the cyclotomic coset that ind b belongs 
to and ± = (—1)5. In addition, ujf = (1 + s/—7)/y8 is as in P 7 and 
W21 = 3 + v / -7- 

The irreducible polynomial generator in [15J can be used to cross- 
check our formulae for small values of q and m. It lists every irreducible 
polynomial over ¥ q , q < 8, of a given degree m if there are at most 1000 
such polynomials. We can use |15| to list every irreducible polynomial 
of degree m < 13, 6, 3 over F 2 , F 4 , F 8 , respectively. One can then 
pick the polynomials with a = from this list. On the other hand, 
the formulae of this subsection give the number of these polynomials. 



For example, let m = 3. If q = 2, 8, then ( l25i ) gives P3 = 3 ; ? ( g _ 1 ) for 
every b. The P 3 equals to 1 if q = 2, and to 3 if q = 8. If q = 4 then 
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(|25|) gives P 3 = - = 1 for 3 \ indfe {b ^ 1; 2 values), and 

-P3 = 3^3-1) + IV^ = 3 for 3 | ind 6 (6 = 1; 1 value). The other values in 
Table [5| are obtained similarly. Our results agree with those obtained 
using [T5] . 



Table 5: The number of the irreducible polynomials with a = 
and b fixed for small q and to. 
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7 8 9 


10 
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12 
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9 14 28 


48 


93 


165 


315 


4, 6 = 1 
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4 


17 


48 












4, Mi 
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4 


17 


56 
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